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Abstract

The stability of a rotating horizontal fluid layer heated from below is examined when, the walls of the layer are subjected to time-
periodic temperature modulation. The linear stability analysis is used to study the effect of infinitesimal disturbances. A regular pertur-
bation method based on small amplitude of applied temperature field is used to compute the critical values of Rayleigh number and
wavenumber. The shift in critical Rayleigh number is calculated as a function of frequency of modulation, Taylor number and Prandtl
number. It is established that the instability can be enhanced by the rotation at low frequency symmetric modulation and with moderate
to high frequency lower wall temperature modulation, whereas the stability can be enhanced by the rotation in case of asymmetric mod-
ulation. The effect of Taylor number and Prandtl number on the stability of the system is also discussed. We found that by proper tuning
of modulation frequency, Taylor number and Prandtl number it is possible to advance or delay the onset of convection.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

There has been a growing interest in externally modu-
lated hydrodynamic systems, both theoretically and exper-
imentally. These systems may exhibit novel behavior in
response to parametric forcing near a point of instability.
Depending on the relative strength and rate of forcing, pre-
dictions exist for a variety of responses to the modulation.
Among these are the upward or downward shift of the con-
vective threshold compared to the unmodulated problems.
There are many works available in the literature, concern-
ing how a time-periodic boundary temperature affects the
onset of Rayleigh–Benard convection. Most of the findings
related to this problem have been reviewed by Davis [1].

A linear stability analysis of small amplitude tempera-
ture modulation is performed by Venezian [2]. He derived
the onset criteria using a perturbation expansion in powers
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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of the amplitude of oscillations. He has established that the
onset of convection can be delayed or advanced by the out-
of or in phase modulation of the boundary temperatures
respectively, as compared to the unmodulated system. A
problem of low frequency modulation of thermal instabil-
ity has been investigated by Rosenblat and Herbert [3].
They obtained the asymptotic solution with arbitrary
amplitude ratio and made the comparison with known
experimental results. Rosenblat and Tanaka [4] have stud-
ied the effect of thermal modulation on the onset of Ray-
leigh–Benard convection. They solved the problem by
using the Galerkin technique and discussed the stability
using the Floquet theory. It has been found that in general,
there is an enhancement of the critical value of the suitably
defined Rayleigh number. A weak non-linear stability anal-
ysis of thermal modulation has performed by Roppo et al.
[5]. They observed that ranges of stable hexagons are pro-
duced by the modulation effect near the critical Rayleigh
number. These authors have reported that for low frequen-
cies the modulation is destabilizing where as at high
frequencies some stabilization is apparent.
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Nomenclature

d height of the fluid layer
g gravitational acceleration
l, m wavenumbers in x, y-directions
p pressure
Pr Prandtl number, m/j
q velocity vector, (u,v,w)
Ra Rayleigh number, bgDTd3/mj
t time
T temperature
Ta Taylor number, 4d4X2/m2

(x,y,z) space coordinates

Greek symbols

a horizontal wavenumber
b thermal expansion coefficient
e amplitude of modulation
/ phase angle
j thermal diffusivity

l dynamic viscosity
m kinematic viscosity l/q0

q density
X angular velocity, (0,0,X)
�x dimensional frequency of modulation
x non-dimensional frequency of modulation,

d2 �x=j

Other symbols

r2
1 horizontal Laplacian operator, o2/ox2 + o2/oy2

$2 Laplacian operator, r2
1 þ o2=oz2

Subscripts/superscripts

b basic state
c critical
0 reference value
* non-dimensional quantity
0 perturbed quantity
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Finucane and Kelly [6] performed both theoretical and
experimental investigation of the thermal modulation in a
horizontal fluid layer. They found both experimentally
and numerically that at low frequencies the modulation is
destabilizing, where as at high frequencies it is stabilizing.
Thermal convection under external modulation of driving
force has been studied by Ahlers et al. [7] using Lorenz
model. It is found that in general the modulation stabilizes
the conducting state. The non-linear behavior of the model
is also studied and shown to reproduce good approxima-
tion, most previous theoretical results on modulated con-
vection. Niemela and Donnelly [8] have studied the
Rayleigh–Benard convection subject to the external modu-
lation experimentally using Helium-I as working fluid.
They observed both positive and negative shift of the con-
vective threshold compared to the unmodulated systems.
Recently, Schmitt and Lucke [9], Or and Kelly [10] and
Or [11] have also investigated the effect of external modu-
lation on the thermal convection in a horizontal fluid layer.

While the rotation effect on the thermally driven flows is
well understood [12,13], there seems to have only one short
communication [14], on the effect of rotation on the stabil-
ity of thermally modulated system. A brief study of the
combined effect of thermal modulation and rotation on
the onset of convection in a rotating fluid layer was made
by Rauscher and Kelly [14] for the case of the lower wall
temperature modulation and when Prandtl number equal
to unity. They have reported that high Taylor number
has a destabilizing effect over a range of frequencies. For
small Prandtl numbers, convection in a rotating fluid layer
can begin in an oscillatory manner and the modulation
might be expected to have more of a resonant effect.

This paper presents the stability analysis of a heated
fluid layer subject to both boundary temperature modula-
tion and rotation. We intended to provide a fundamental
understanding of how rotation would influence the thermal
convection arising from thermal perturbations. As a first
attempt, we present a linear stability analysis of a sinusoi-
dally heated fluid system to explore the effect of rotation on
oscillating flows. Some of the questions such as how the
external field affects the modulated thermally driven con-
vection instability and whether or not the understanding
gained from studies on the effect of rotation on unmodu-
lated system is pertinent, remain basically unresolved. We
intended to answer these questions by solving the thermally
modulated system with rotation using small perturbation
technique.
2. Mathematical formulation

We consider a Boussinesq viscous fluid layer confined
between two infinite horizontal plates a distance ‘d’ apart
with a vertical downward gravity force acting on it. A
Cartesian frame of reference is chosen with the origin in
the lower boundary and the z-axis vertically upwards.
The fluid layer is subjected to the rotation with an angular
velocity X. The axis of rotation is taken along the z-axis.
The Boussinesq approximation is applied to account for
the effects of density variations. With these assumptions
the basic governing equations are

r � q ¼ 0; ð1Þ
oq

ot
þ ðq � rÞqþ 2X� q ¼ � 1

q0

rp þ q
q0

gþ mr2q; ð2Þ

oT
ot
þ ðq � rÞT ¼ jr2T ; ð3Þ

q ¼ q0½1� bðT � T 0Þ�: ð4Þ
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For simplicity, the free-free hydrodynamic boundary condi-
tions are applied at the walls. These conditions are such that
the normal velocities are zero and the tangential stresses are
zero at both the top and bottom surface. The external driv-
ing force is modulated harmonically in time by varying the
temperatures of lower and upper horizontal boundary

T 0 þ
DT
2
½1þ e cos �xt� at z ¼ 0; ð5Þ

T 0 �
DT
2
½1� e cosð�xt þ /Þ� at z ¼ d: ð6Þ

where e represents amplitude, �x the frequency and / the
phase angle. We consider three types of thermal modula-
tion, viz.,

Case (a): symmetric (in phase, / = 0),
Case (b): asymmetric (out of phase, / = p),
Case (c): only lower wall temperature modulation

(/ = �i1).
2.1. Basic state

Basic state of the fluid is quiescent and is given by

qb ¼ 0; T ¼ T bðz; tÞ; p ¼ pbðz; tÞ; q ¼ qbðz; tÞ: ð7Þ

The basic state temperature Tb(z, t) satisfies the equation

oT b

ot
¼ j

o2T b

oz2
; ð8Þ

and the pressure pb(z, t) balances the buoyancy force. The
solution of Eq. (8) subject boundary conditions (5) and
(6) consists of both steady and oscillating parts and is given
by

T b ¼ T 0 þ
DT
2

1� 2z
d

� �
þ eRe½faðkÞekz=d

�

það�kÞe�kz=dge�i�xt�
)
; ð9Þ

where k ¼ ð1� iÞ �xd2

2j

� �1=2

; aðkÞ ¼ e�i/�e�k

ek�e�k . and Re stands for

the real part. We do not record the expressions of pb and qb

as these are not explicitly required in the remaining part of
the paper. The conduction profile Tb(z, t) contains a linear
term in z and a contribution describing damped thermal
waves, which propagate into the fluid layer. For low fre-
quencies Tb(z, t) deviates only slightly from a linear profile.
But for high frequency modulation the heat waves enter
only into a narrow thermal Stokes boundary layer, thus
causing additional exponential spatial behavior.

We now superimpose infinitesimal perturbations on the
quiescent basic state and study the stability of the system.
2.2. Linear stability analysis

Let the basic state be perturbed by an infinitesimal ther-
mal perturbation so that
q ¼ q0; p ¼ pb þ p0; T ¼ T b þ T 0; q ¼ qb þ q0; ð10Þ

where the prime indicates that the quantities are infinitesi-
mal perturbations. Substituting (10) into Eqs. (1)–(4) and
using the basic state solutions, we get the linearized equa-
tions governing perturbations in the form

oq0

ot
þ 2X� q0 ¼ � 1

q0

rp0 � bT 0gþ mr2q0; ð11Þ

oT 0

ot
þ w0

oT b

oz
¼ jr2T 0: ð12Þ

Since the walls are stress free isothermal, the boundary
conditions at z = 0, d are

w0 ¼ o
2w0

oz2
¼ T 0 ¼ 0: ð13Þ

We render Eqs. (11) and (12) dimensionless by using the
transformations

ðx; y; zÞ ¼ ðx�; y�; z�Þd; t ¼ d2

j
t�;

ðu0; v0;w0Þ ¼ m
d
ðu�; v�;w�Þ;

p0 ¼ lj

d2
p�; T 0 ¼ mj

bgd3
T �; x ¼ d2

j
�x;

ð14Þ

to obtain (after dropping asterisks),

1

Pr
oq

ot
þ Ta1=2k� q ¼ � 1

Pr
rp þ 1

Pr
T kþr2q; ð15Þ

o

ot
�r2

� �
T ¼ �PrRaw

oT b

oz
; ð16Þ

where Pr = m/j, Ta = (2d2X/m)2, Ra = bgDTd3/mj represent
the Prandtl number, Taylor number and Rayleigh number
respectively and k is the unit vector in z-direction. Note
that the modulation induced z and t dependence of the ver-
tical conduction temperature profile, implies a (z, t) depen-
dent heat current entering into Eq. (16).

Now to eliminate p from Eq. (15) we operate curl twice
on it, which yields an equation for z-component of velocity
in the form

1

Pr
o

ot
�r2

� �
r2wþ Ta1=2 oV z

oz
¼ 1

Pr
r2

1T ; ð17Þ

where Vz is z-component of vorticity V = $ � q, given by
the equation

1

Pr
o

ot
�r2

� �
V z ¼ Ta1=2 ow

oz
: ð18Þ

In non-dimensional form the boundary conditions (13)
become

w ¼ o
2w

oz2
¼ T ¼ 0 at z ¼ 0; 1: ð19Þ

After eliminating coupling between Eqs. (16)–(18) we
obtain a single equation for vertical component of velocity
in the form
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1

Pr
o

ot
�r2

� �2

r2 þ Ta
o2

oz2

" #
o

ot
�r2

� �(

þRa
1

Pr
o

ot
�r2

� �
oT b

oz
r2

1

)
w ¼ 0: ð20Þ

The boundary conditions (19) can also be expressed in
terms of w by making use of Eq. (16), which requires
o4w/o z4 = 0 if w and T are zero. Thus Eq. (20) has to be
solved subject to the homogeneous conditions

w ¼ o2w
oz2
¼ o4w

oz4
¼ o6w

oz6
¼ 0 at z ¼ 0; 1: ð21Þ

Using Eq. (9), the dimensionless temperature gradient
appearing in Eq. (20) may be written as

oT b

oz
¼ �1þ ef ; ð22Þ

where f = Re[{A(k)ekz + A(�k)e�kze�ixt],

AðkÞ ¼ k
2

e�i/ � e�k

ek � e�k

� �
and k ¼ ð1� iÞ x

2

� �1=2

:

3. Method of solution

We seek the eigenfunctions w and eigenvalues Ra of Eqs.
(20) and (21) for a temperature profile given by Eq. (22)
that departs from the linear profile oTb/oz = �1 by quanti-
ties of the order e. It follows that the eigenfunctions and
eigenvalues of the present problem differ from those associ-
ated with classical Benard problem with rotation by the
quantities of order e. We therefore assume the solution in
the form

w ¼ w0 þ ew1 þ e2w2 þ � � � ; ð23aÞ
Ra ¼ Ra0 þ e2Ra2 þ � � � ; ð23bÞ

where Ra0 is the Rayleigh number associated with the
problem of thermal convection in a rotating fluid layer in
the absence of temperature modulation.

Substituting Eq. (23) into Eq. (20) and equating the
coefficients of like powers of e, we obtain the following sys-
tem of equations:

Lw0 ¼ 0; ð24Þ
Lw1 ¼ �Ra0ðL1Þfr2

1w0; ð25Þ
Lw2 ¼ ðL1Þ½Ra2r2

1w0 � Ra0fr2
1w1�; ð26Þ

where

L � ðL3ÞðL2Þ � Ra0ðL1Þr2
1

with L1 � 1
Pr

o
ot �r

2, L2 � o
ot �r

2 and L3 � ðL1Þ2r2 þ Ta o2

oz2

and w0, w1, w2 are needed to satisfy the boundary condi-
tions (21).

In Eq. (23b) the odd powers of e are missing, because
changing the sign of e shifts the time origin only which does
not affect the problem of stability and thus Ra should be
independent of the sign of e, i.e., Ra1, Ra3, . . . must be
zero.

3.1. Solution to the zeroth order problem

The zeroth order problem is equivalent to the rotating
Rayleigh–Benard problem in the absence of thermal mod-
ulation. The linear analysis of rotating Rayleigh–Benard
convection has been thoroughly investigated by Chandra-
sekhar [12]. We present, below in brief, some of the earlier
results in the notations of the present paper for ready ref-
erence. The stability of the system in the absence of thermal
modulation is investigated by introducing vertical velocity
perturbation w0 as

w0ðx; y; z; tÞ ¼ exp½rt þ iðlxþ myÞ� sin npz; ð27Þ
where r is the growth rate, l, m are wavenumbers in xy-
plane with l2 + m2 = a2. Substituting (27) into Eq. (24)
we obtain an expression for Rayleigh number in the form

Ra0

¼ ðrþ a2þ n2p2Þ½ða2þ n2p2ÞðrPr�1þ a2þ n2p2Þ2þ n2p2Ta�
a2ðrPr�1þ a2þ n2p2Þ

:

ð28Þ
3.1.1. Stationary convection

For stationary convection r in Eq. (28) must be real and
for marginal stability r = 0. The corresponding eigenvalue
of the Rayleigh number for stationary convection is
obtained by putting r = 0 in Eq. (28), and is given by

RaðnÞ0 ¼
1

a2
½ða2 þ n2p2Þ3 þ n2p2Ta�: ð29Þ

For a fixed value of wavenumber a the least eigenvalue oc-
curs for n = 1, and is given by

Ra0 ¼
1

a2
½ða2 þ p2Þ3 þ p2Ta�: ð30Þ

Ra0 assumes the minimum value Ra0c for a = ac, where ac

satisfies the equation

ða2
cÞ

3 þ 3p2

2
ða2

cÞ
2 � p2

2
ðTaþ p3Þ ¼ 0: ð31Þ

We observe that Eqs. (30) and (31) are the classical results
obtained for the problem of thermal instability in a rotat-
ing fluid in the absence of modulation (see Chandrasekhar,
[12]). Further in the absence of rotation i.e., when Ta = 0,
Eqs. (30) and (31) yield the values Rac = 27p4/4 = 657.5
and a2

c ¼ p2=2 which are associated with the standard Be-
nard problem (see Chandrasekhar, [12]).

3.1.2. Oscillatory convection

For oscillatory convection r is in general complex and
represented in the form r = rr + iri. Substituting r = iri

and n = 1 into Eq. (28) one obtain characteristic values
of Rayleigh number and the frequency ri of the oscillations
at the margin of stability in the form,
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RaOsc
0 ¼ 2p2

a2

TaPr2

ð1þ PrÞ þ ð1þ PrÞf3a4

�

þp4½1þ a2ð3p4 þ a4Þ�g
	
; ð32Þ

r2
i ¼ Pr2 p2 Tað1� PrÞ

ða2 þ p2Þð1þ PrÞ � 2a2

� 

� ða4 þ p4Þ

� �
: ð33Þ

Further, Eq. (33) yields the necessary condition for the
existence of oscillatory motions in the form Pr < 1 impos-
ing the condition r2

i > 0. Thus, it is evident that overstabil-
ity cannot occur if Pr P 1 and hence under this condition
the principle of exchange of stabilities is valid (see Chan-
drasekhar [12] for details). The case of overstability for
low values of Prandtl number is of interest in the presence
of temperature modulation because the system then can
have a quasi-periodic nature. We study the onset of station-
ary convection in a rotating fluid layer in the presence of
thermal modulation in the present paper. For the simplicity
of the notation we denote RaSt

0 byRa0 in the remaining part
of the paper.
3.2. Solution to the first order problem

Eq. (25) for w1 now takes the form

Lw1 ¼ Ra0a
2ðL1Þf sin pz: ð34Þ

To simplify this equation, we need

ðL1Þf sin pz ¼ Re ða2 þ p2Þ þ ix 1� 1

Pr

� �� 

f sin pz

�

� 2pkf 0 cos pz
�
; ð35Þ

where

f 0 ¼ Re½fAðkÞekz � Að�kÞe�kzge�ixt�:
Using Eq. (35) into (34) we obtain

Lw1 ¼ Ra0a
2Re½N 1f sin pz� 2pkf 0 cos pz�; ð36Þ

where

N 1 ¼ ða2 þ p2Þ þ ix 1� 1

Pr

� �
:

We solve Eq. (36) for w1 by expanding the right-hand
side of it in Fourier series expansion and inverting the oper-
ator L term by term, to obtain

w1 ¼ Ra0a
2Re N 1

X AnðkÞ
Lðx; nÞ sin npze�ixt

� 
�

� 2pk
X BnðkÞ

Lðx; nÞ cos npze�ixt

� 
�
ð37Þ

The detail of algebra is presented in Appendix A through
Eqs. (A.1)–(A.9). The equation for w2, then reads

Lw2 ¼ �Ra2a
2ða2 þ p2Þ sin npzþ Ra0a

2Re½N 2fw1

� 2DfDw1�: ð38Þ
We shall not require the solution of this equation but
merely use it to determine the Ra2. The solvability condi-
tion requires that the time-independent part of the right-
hand side of Eq. (38) must be orthogonal to sinnpz, and
this results in the following equation:

Ra2 ¼
Ra2

0a
2

2ða2 þ p2Þ

� �
Re

XN �2N 1jAnðkÞj2L�ðx; nÞ
jLðx; nÞj2

"

� 4p2jkj2
X nBnðkÞC�nðkÞL�ðx; nÞ

jLðx; nÞj2

#
: ð39Þ

The detail is presented in Appendix A through Eqs. (A.10)–
(A.19). Eq. (38) could now be solved for w2 if desired, and
the procedure may be continued to obtain further correc-
tions to w and Ra. However we shall stop at this step.

The value of Rayleigh number R obtained by this proce-
dure is the eigenvalue corresponding to the eigenfunction
w, which, though oscillating, remains bounded in time.
Ra is a function of horizontal wavenumber a and the
amplitude of modulation e, accordingly we expand

Raða; eÞ ¼ Ra0ðaÞ þ e2Ra2ðaÞ þ � � � ; ð40Þ
a ¼ a0 þ e2a2 þ � � � : ð41Þ

The critical value of the thermal Rayleigh number Ra is
computed up to O(e2) by evaluating Ra0 and Ra2 at
a0 = ac given by Eq. (31). It is only when one wishes to
evaluate Ra4, a2 must be taken into account [2]. In view
of this we write

Racða; eÞ ¼ Ra0cða0Þ þ e2Ra2cða0Þ þ � � � ; ð42Þ

where Ra0c and Ra2c are respectively given by Eqs. (30) and
(39) respectively.

If Ra2c is positive, the effect of modulation is to stabilize
the system as compared to the unmodulated system and Ra

has minimum at e = 0. When Ra2c is negative, the effect of
modulation is to destabilize the system as compared to the
unmodulated system.

To the order of e2, Ra2c is obtained for the cases where
the oscillating temperature field is (a) symmetric, (b) asym-
metric and (c) when only lower wall temperature is oscillat-
ing while upper wall is held at constant temperature. The
variation of Ra2c with x for different values of Ta and Pr

is depicted in Figs. 1–6 and the results are discussed in
the next section.

4. Results and discussion

The expression for the critical correction Rayleigh num-
ber Ra2c is computed as a function of the frequency of
modulation, Taylor number and Prandtl number and the
effect of these parameters on the stability of the system is
discussed. The validity of the results obtained here depends
on the value of frequency x of modulation. When x is
small, the period of modulation is large and hence the dis-
turbances will grow to such an extent that the finite ampli-
tude effects become significant. Thus, the assumption of
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infinitesimal amplitudes breaks down. On the other hand
as x ?1, the effect of thermal modulation is confined
only to narrow boundary layer near the boundary and out-
side this thickness the basic temperature gradient has essen-
tially a uniform gradient. Thus the effect of modulation is
significant only for the moderate values of x.

The variation of the critical correction Rayleigh number
Ra2c with the frequency of modulation x is depicted in
Figs. 1 and 2 when the oscillating temperature field is sym-
metric. It is observed from these figures that for small x,
Ra2c is negative, indicating that the effect of modulation
in this case is to destabilize the system; with the convection
occurring at lower Rayleigh number than that of a rotating
fluid layer in the absence of thermal modulation. This con-
clusion is consistent with the result of Venezian [2] on the
effect of thermal modulation on convection in a non-rotat-
ing fluid layer. For moderate and large values ofx, Ra2cbe-
comes positive, indicating that the symmetric modulation
has a stabilizing effect for moderate and large values of
the frequency. Thus, the symmetric modulation has desta-
bilizing effect on the system for small values of the fre-
quency x, while it has stabilizing effect for moderate and
high values of x.
Further we observe from these two figures that in each
curves there are two peak values of Ra2c, one negative
and another positive. The negative peak value is larger than
the positive peak value. Let x* represent the frequency at
which Ra2c changes its sign from negative to positive, then
the modulated system may be classified as destabilized or
stabilized, compared with the unmodulated system, accord-
ing as x < x* or x > x*. First Ra2c decreases to its maxi-
mum destabilizing value and then increases to its
maximum stabilizing value and finally decreases to zero
as the frequency increases from zero to infinity. The maxi-
mum stabilization or destabilization can be achieved at
critical frequencies x = xp or x = xn depending on the
value of the other parameters. Further, at some particular
value of the frequency x = x0, the effect of modulation
ceases i.e., Ra2c = 0. These critical frequencies depend on
the parameter governing the system.

In Fig. 1 the variation of Ra2c with the frequency of
modulation x is shown for different values of Taylor num-
ber with Prandtl number kept fixed. We observe from this
figure that an increase in the value of Ta increases the
magnitude of Ra2c. At small frequencies Ra2c increases
negatively, while Ra2c increases positively with the Taylor
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number at moderate and high frequencies. Thus the effect
of rotation is to enhance the instability of the system for
small frequencies while its effect is to enhance the stability
of the system for moderate and high values of x. Therefore
the rotation reinforces the effect of the symmetric modula-
tion. The dotted curve represents the Venezian [2] result.

The variation of Ra2c with x for different values of Pra-
ndtl number and fixed value of Taylor number is depicted
in Fig. 2. This figure indicates that Ra2c increases nega-
tively with Pr for lower value of x while for higher values
x it increases positively with increasing Pr. Thus, the Pra-
ndtl number enhances the instability and stability respec-
tively for low and high frequencies in the case of
symmetric modulation. This effect is similar to that of the
rotation force. It is interesting to note from Fig. 2 that each
curve crosses the other, indicating that for a particular
value of the frequency, the critical correction Rayleigh
number is same for the corresponding pair of Prandtl num-
ber. These results are given in Table 1.

The variation of the critical correction Rayleigh number
Ra2c with x, when the boundary temperature is asymmetric
is exhibited through Figs. 3 and 4. It is observed that the
system is most stable when frequency is very small. With
F

the increase of x, the correction Rayleigh number Ra2c

decreases. In case of asymmetric modulation, Ra2c is
always positive indicating that the convection always sets
in at the higher values of Rayleigh number than those pre-
dicted for the unmodulated rotating fluid layer. Thus the
effect of asymmetric modulation is to delay the onset of
convection. This conclusion is consistent with the result
of Venezian [2].

The variation of Ra2c with x for different values Ta and
a fixed value of Pr for asymmetric modulation is shown in
Fig. 3. The dotted curve represents the Venezian [2] result.
This figure indicates that for a given value of modulation
frequency, the critical correction Rayleigh number Ra2c

increases with the increasing Ta. Indeed, because Ra2c is
positive, the applied external force namely, the rotation
becomes even more effective in damping out disturbance
in a fluid subject to thermal modulation than one subject
to an unmodulated system. Therefore the effect of rotation
on the asymmetrically modulated fluid layer is to delay the
onset of convection. However the effect of rotation disap-
pears for fairly large values of x, in which case Ra2c ? 0.
The effect of Prandtl number on Ra2c for asymmetric mod-
ulation is indicated in Fig. 4 with Ta kept fixed. We observe
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Table 1
Coincidence of correction Rayleigh number Ra2c for the pair of values of
Prandtl number Pr with Ta = 100

Pr x Ra2c

(1,2) 55.375 0.861
(1,5) 59.832 1.054
(1,10) 68.001 1.185
(2,5) 65.275 1.525
(2,10) 79.598 1.827
(5,10) 128.007 1.911
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from this figure that Ra2c decreases with increasing Pr for
small values of x, where as for moderate values of x, the
trend reverses. Therefore Prandtl number reduces the stabi-
lizing effect of asymmetric modulation for small x, while
for moderate and large x the reverse effect is found.

Variation of Ra2c with x for lower boundary tempera-
ture modulation is shown in Figs. 5 and 6. We find that
Ra2c is positive over a range of frequencies, indicating that
the lower wall temperature modulation is stabilizing for
small to moderate values of the frequency. However, for
large frequency, the critical correction Rayleigh number
become negative, indicating that the lower wall tempera-
ture modulation is destabilizing for such frequencies.
Fig. 5 displays the effect of rotation on the stability of
the system for lower wall temperature modulation. We
observe from this figure that, for low frequencies, Ra2c

increases with increasing Ta indicating that the effect of
rotation is to delay the onset of convection. Further when
x exceeds certain fixed value, Ra2c becomes negative and
the effect of Ta reverses. The dotted curve represents the
Venezian [2] result. Fig. 6 reveals the effect of Prandtl num-
ber on the correction Rayleigh number for lower wall tem-
perature modulation. It is found that the effect of Pr is
similar to that reported in the case of asymmetric
modulation.

5. Conclusions

The effect of thermal modulation on the onset of convec-
tion in a horizontal rotating fluid layer is studied using a
linear stability analysis and the following conclusions are
drawn:

(i) The symmetric modulation destabilizes the system at
low frequencies while it stabilizes at moderate and
high frequencies.
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(ii) The asymmetric modulation is the most stable situa-
tion, for all frequencies. The bottom wall temperature
modulation has stabilizing effect for small frequencies
in the presence of rotation, while it has a destabilizing
effect for moderate and large values of the frequency.

(iii) In case of symmetric modulation, rotation destabi-
lizes the system at low frequencies while it stabilizes
at moderate and high frequencies. In case of asym-
metric modulation rotation always stabilizes the sys-
tem. In case of lower wall temperature modulation,
rotation enhances stability at low frequencies while
it enhances instability at large frequencies.

(iv) The effect of Pr on symmetric modulation is similar
to that of rotation. The Prandtl number reduces the
stabilizing effect of asymmetric modulation for low
frequencies while it enhances the stability for moder-
ate frequencies. The Prandtl number has a duel role
in case of lower wall temperature modulation.

(v) The effect of both thermal modulation and rotation
disappear for large frequency irrespective of the type
of thermal modulation.
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Appendix A

We solve Eq. (36) for w1 by expanding the right-hand
side of it in Fourier series expansion and inverting the oper-
ator L. For this we need the following Fourier series
expansions:

ekz sin mpz ¼
X1
n¼1

gnmðkÞ sin npz; ðA:1Þ

ekz cos mpz ¼
X1
n¼1

fnmðkÞ cos npz; ðA:2Þ

where

gnmðkÞ ¼ 2

Z 1

0

ekz sin npz sin mpzdz

¼ � 4nmp2k½1þ ð�1Þnþmþ1ek�
½k2 þ ðnþ mÞ2p2�½k2 þ ðn� mÞ2p2�

; ðA:3Þ

fnmðkÞ ¼ 2

Z 1

0

ekz cos npz cos mpzdz

¼ � 2k½k2 þ ðn2 þ m2Þp2�½1þ ð�1Þnþmþ1ek�
½k2 þ ðnþ mÞ2p2�½k2 þ ðn� mÞ2p2�

: ðA:4Þ

It is convenient to define

Lðx; nÞ ¼ A1 þ iA2; ðA:5Þ
where

A1 ¼ ða2 þ n2p2Þ ða2 þ p2Þ3 � ða2 þ n2p2Þ3
h

þ x2

Pr
ða2 þ n2p2Þ 2þ 1

Pr

� �
þ p2Tað1� n2Þ

�
;

A2 ¼ x ða2 þ n2p2Þ3 1þ 2

Pr

� �
� 1

Pr
ða2 þ p2Þ3

�

� x2

Pr2
ða2 þ n2p2Þ þ p2Ta n2 � 1

Pr

� ��

It follows that:

Lðsin npze�ixtÞ ¼ Lðx; nÞ sin npze�ixt;

Lðcos npze�ixtÞ ¼ Lðx; nÞ cos npze�ixt:
ðA:6Þ

Eq. (36) now reads

Lw1 ¼ Ra0a
2Re N 1

X
½fAðkÞgn1ðkÞ

h
þAð�kÞgn1ð�kÞg sin npze�ixt�

�2pk
X

fAðkÞfn1ðkÞ � Að�kÞfn1ð�kÞg cos nnpze�ixt
� 	i

;

ðA:7Þ

so that

w1 ¼ Ra0a
2Re N 1

X AnðkÞ
Lðx; nÞ sin npze�ixt

� 
�

�2pk
X BnðkÞ

Lðx; nÞ cos npze�ixt

� 
�
; ðA:8Þ

where

AnðkÞ ¼ AðkÞgn1ðkÞ þ Að�kÞgn1ð�kÞ;
BnðkÞ ¼ AðkÞfn1ðkÞ � Að�kÞfn1ð�kÞ:

ðA:9Þ

To simplify Eq. (26) for w2, need

L1ðfw1Þ ¼ Re½N 2fw1 � 2DfDw1�; ðA:10Þ

where

N 2 ¼ ða2 þ n2p2Þ þ ix 1� 2

Pr

� �
:

The equation for w2, then reads

Lw2 ¼ �Ra2a
2ða2 þ p2Þ sin npzþ Ra0a

2Re½N 2fw1

� 2DfDw1�: ðA:11Þ

We shall not require the solution of this equation but
merely use it to determine the Ra2, the first non-zero cor-
rection to Ra. The solvability condition requires that the
time-independent part of the right-hand side of Eq. (A11)
must be orthogonal to sinnpz, and therefore,

Ra2 ¼
2Ra0

a2 þ p2

� �
Re½N 2

Z 1

0

fw1 sin pzdz

� 2

Z 1

0

DfDw1 sin pzdz�; ðA:12Þ
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where the over bar denotes the time average. We have the
Fourier series expansions

f sin pz ¼ Re
X

AnðkÞ sin npze�ixt;

Df sin pz ¼ Re
X

kCnðkÞ sin npze�ixt;
ðA:13Þ
where

CnðkÞ ¼ AðkÞgn1ðkÞ � Að�kÞgn1ð�kÞ:
We also note that the time average of product of two com-
plex functions A and B is given by

A � B ¼ 1

2p

Z 2p

0

AB dt ¼ 1

2
A�B ¼ 1

2
AB�; ðA:14Þ
where the * denotes a complex conjugate.
Using Eqs. (A13) and (A14) in Eq. (A12) we obtain

Ra2 ¼
Ra2

0a
2

2ða2 þ p2Þ

� �
Re

XN �2N 1jAnðkÞj2L�ðx; nÞ
jLðx; nÞj2

"

�4p2jkj2
X nBnðkÞC�nðkÞL�ðx; nÞ

jLðx; nÞj2

#
: ðA:15Þ
We can easily calculate

Re½N �2N 1L�ðx; nÞ� ¼ A3A1 þ A4A2; ðA:16Þ

Re½BnðkÞC�nðkÞL�ðx; nÞ� ¼
ða2

1 þ b2
1Þ

ðd1d2d3Þ2
½A1ða2a3 � b2b3Þ

þ A2ða3b2 þ a2b3Þ�; ðA:17Þ
jLðx; nÞj2 ¼ A2

1 þ A2
2; ðA:18Þ

jAnðkÞj2 ¼
4n2p4x2C2

1

d1d2

; ðA:19Þ
where

A3 ¼ ða2 þ p2Þða2 þ n2p2Þ þ x2 1� 1

Pr

� �
1� 2

Pr

� �
;

A4 ¼ x ða2 þ n2p2Þ 1� 1

Pr

� �
� a2 þ p2
� 

1� 2

Pr

� �� �
;

a1 ¼ 4 sinh
ffiffiffiffiffiffiffiffiffi
x=2

p� �
C2 cosh

ffiffiffiffiffiffiffiffiffi
x=2

p� �
þ C3 cosð

ffiffiffiffiffiffiffiffiffi
x=2

p
Þ

h i
;

b1 ¼ 2 2C3 cosh
ffiffiffiffiffiffiffiffiffi
x=2

p� �
sin

ffiffiffiffiffiffiffiffiffi
x=2

p� �
þ C2 sin 2

ffiffiffiffiffiffiffiffiffi
x=2

p� �h i
;

a2 ¼ x2½2p4ðn2 þ 1Þ2 � fp4ðnþ 1Þ2ðn� 1Þ2 � x2g�;
b2 ¼ �xp2ðn2 þ 1Þ½2x2 þ fp4ðnþ 1Þ2ðn� 1Þ2 � x2g�;
a3 ¼ 4np4x2ðn2 þ 1Þ;
b3 ¼ 2np2x½p4ðnþ 1Þ2ðn� 1Þ2 � x2�;
d1 ¼ x2 þ p4ðnþ 1Þ4; d2 ¼ x2 þ p4ðn� 1Þ4;

d3 ¼ 4 sinh2
ffiffiffiffiffiffiffiffiffi
x=2

p� �
cos2

ffiffiffiffiffiffiffiffiffi
x=2

p� �
þ cosh2

ffiffiffiffiffiffiffiffiffi
x=2

p� �h
� sin2

ffiffiffiffiffiffiffiffiffi
x=2

p� �i
;

and

C1 ¼ 1þ ð�1Þnþ2e�i/; C2 ¼ 1� ð�1Þnþ2e�i/;

C3 ¼ ð�1Þnþ2 � e�i/:
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